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1. INTRODUCTION
In a recent paper [13] we gave a new proof for the existence of very
singular selfsimilar solutions for the porous media equation with absorption
w{=2(wm)&w p in Rn_R+, p>max[m, 1] (1.1)
in the slow diffusion case, that is m>1, and when p<m+2n. Our
approach was based on a simple shooting argument for a second order
ordinary differential equation similar to the one of Brezis et al. in [3] for
the case m=1 (for a discussion of other existence proofs see [13]).
The main purpose of this paper is to apply the same method to the fast
diffusion case, that is, when 0<m<1; the discussion also includes the case
m=1.
We recall that very singular solutions of (1.1) are nonnegative solutions
w which are smooth in Rn_R+0 "[(0, 0)], vanish in R
n_[0]"[(0, 0)] and
have the singular behavior
lim
{  0+ ||x|<r w( y, {) dy=.
This kind of solution plays an important role in the large time behavior of
solutions of the Cauchy problem
v{=2(vm)&v p in Rn_R+,
(1.2)
v(x, 0)=.(x) in Rn,
where . # L(Rn) and
lim
|x|  
|x| : .(x)=C>0, :>
2
p&m
.
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Indeed Peletier and Junning [15] have shown that if w is the unique very
singular solution of (1.1) and
m>\1&2n+
+
, p<m+
2
n
, (1.3)
then solutions of (1.2) have the property that
lim
{  
|{abv(x, {)&w(x{1b, 1)|=0
uniformly on sets of the form [x # Rn : |x|<c{1b, {>0], where c>0 and
a=
2
p&m
, b=2
p&1
p&m
. (1.4)
The same authors, in [16], have proved that for every finite time
{1>0, and when (1.3) holds, then (1.1) admits a very singular solution
w{1 : R
n_(0, {1]  R+0 . Since no uniqueness result is available for the fast
diffusion case (to the author’s knowledge) it is not clear if w{1 is selfsimilar.
In this paper we show that when (1.3) holds then (1.1) admits a very
singular selfsimilar solution of the form
w(x, {)={&abW({&1b |x| ), (1.5)
where a and b satisfy (1.4) and W is a nonnegative solution (not identically
zero) of the problem
(Wm)"+
n&1
t
(Wm)$+
1
b
t W$+
a
b
W&W p=0, t={&1b|x|, (1.6)
W$(0)=0, lim
t  
taW(t)=0. (1.7)
We refer to a solution of (1.6), (1.7) as a fast orbit, as opposed to solutions
of (1.6), (1.7)1 such that
lim
t  
taW(t) # R+,
which are called slow orbits.
The principal result of the paper is the following theorem.
Theorem 1. Assume that 0<m<1 and p>1 in Eq. (1.1). Then (1.1)
admits a very singular selfsimilar solution w of the form (1.5) if and only if
(1.3) holds. Moreover w has the property that
W(0)>_2&n( p&m)2( p&1) &
1( p&1)
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and exhibits the asymptotic behavior
lim
t  
t2(1&m)W(t)=\2m[mn&(n&2)](1&m)2 ( p&m) +
1(1&m)
. (1.8)
As in [3], when (1.3) holds we can also prove, in addition to the existence
of a fast orbit, the existence of a one parameter family of slow orbits. This
is also a new result. Furthermore in the second part of Theorem 1, that
is when (1.3) fails, we actually prove more than stated, namely that all
solutions of (1.6), (1.7)1 which approach zero are slow orbits.
In the final section of the paper we show that the methods used to obtain
Theorem 1 can be applied naturally to the initial value problem
w{=2(wm) in Rn_R+
(1.9)
w(x, 0)=C |x|&a in Rn"[0],
where 0<m<1, 0<a<2(1&m) and C>0.
The relevance of solutions of (1.9) is that they provide the asymptotic
form of the positive solutions v of (1.2) when 2( p&m)<:<n, see [15].
The existence of solutions for (1.9), when a is in an appropriate range,
is guaranteed by results of Herrero and Pierre [8]. Since those authors
consider general initial values w(x, 0), their existence proofs are rather
involved and rely on the classical existence result in the case w(x, 0) #
L1(Rn) & L(Rn). For the simple case (1.9), due to the symmetry of the
problem, it is natural to seek selfsimilar solutions of the form
w(x, {)={&abW({&1b|x| ), (1.10)
where b=2+a(m&1) and W is a positive solution of the problem
(Wm)"+
n&1
t
(Wm)$+
1
b
tW$+
a
b
W=0, t={&1b |x|, (1.11)
W$(0)=0, lim
t  
taW(t)=C. (1.12)
Note that the restriction (1.4) on a, b for (1.6) is now replaced simply by
a>0 and b=2+a(m&1)>0.
The second main result of the paper is the following
Theorem 2. Assume that 0<m<1 and a<2(1&m). Then the initial
value problem (1.9) admits a selfsimilar solution of the form (1.10) if and
only if either a<n or n<a(n&2)m.
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This paper is organized as follows. In Section 2 we prove the first part
of Theorem 1, namely we show that there exists a fast orbit when (1.3)
holds; in Section 3 we complete the demonstration of Theorem 1, by prov-
ing that when (1.3) fails all solutions of (1.6), (1.7)1 which approach zero
are slow orbits. In Section 4 we show the existence of a one parameter
family of slow orbits when (1.3) holds and we also give an existence proof
for fast orbits in the case m=1 which is somewhat simpler than the one
proposed by Brezis, Peletier and Terman in [3]. Finally, in Section 5 we
give the demonstration of Theorem 2.
2. PROOF OF THEOREM 1: EXISTENCE OF A FAST ORBIT
In this section we show that, when (1.3) holds, Eq. (1.1) admits a very
singular selfsimilar solution of the form (1.5). For simplicity in the notation
we set u=W m, q=1m and r= pm in (1.6). Proving existence of a very
singular selfsimilar solution of the form (1.5) is now equivalent to show
that for some u0>0 the initial value problem
u"+
n&1
t
u$+
q
b
t |u|q&1 u$+
a
b
|u| q&1 u&|u| r&1 u=0,
(2.1)
u(0)=u0 , u$(0)=0,
admits a fast orbit, namely a nonnegative solution u with the property
lim
t  
taqu(t)=0. (2.2)
Recall that by (1.4)1
a=
2q
r&1
, where 1<q<r, (2.3)
and (1.3) becomes
q<n(n&2) when n>2, a>n. (2.4)
Moreover in this section b can be any positive number (that is, the
particular value (1.4)2 of b will not be used here). In what follows let
u0*=(ab)1(r&q).
Proposition 2.1. For any u0>0 the initial value problem (2.1) admits a
positive solution u : [0, T)  R+, with T possibly infinite.
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If u0<u0* then
(i) limt  T& u(t)=0;
(ii) u$<0 in (0, T);
(iii) limt   u$(t)=0 when T=.
If u0=u0* then (2.1) admits the unique constant solution u(t)#u0*, while if
u0>u0* then
(iv) u$>0 in (0, T).
Proof. The conclusions of Proposition 2.1 follow from the general
results of [12]. For the convenience of the reader we present a simplified
proof in Appendix B below.
Remarks. When u0<u0* then [0, T ) represents the maximal interval in
which the solution u remains positive. Indeed it is easy to see, using
arguments similar to those in [12], that the solution u can be continued
to all R+0 (it can of course change sign). Moreover |u(t)|<u0* for all R
+
0
and
lim
t  
u(t)= lim
t  
u$(t)=0.
In this case T represents the first time t such that u(t)=0.
From Proposition 2.1 it is clear that the initial value u0 for which (2.2)
holds has to be sought in the interior of the interval (0, u0*] which can be
divided in the disjoint subsets
I1=[u0 # (0, u0*) : T< and lim
t  T &
u$(t)=0]
I2=[u0 # (0, u0*) : T< and lim
t  T &
u$(t)<0]
I3=[u0 # (0, u0*) : T= and lim
t  
taqu(t)=0]
I4=[u0 # (0, u0*] : T= and lim sup
t  
taqu(t)>0].
The strategy of the proof is to show that:
1. I1 is empty
2. I2 is open and contains the interval (0, [(a&n)b]1(r&q)];
3. u1  I4 , where u1=sup [u0 # (0, u0*) : (0, u0)/I2].
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Note that u1  I2 since I2 is open by step 2. Therefore u1 # I3 by steps
1, 3 and thus the corresponding solution satisfies (2.2).
Lemma 2.1. The set I1 is empty.
Proof. We transform (2.1) in the equivalent problem
u$=v&
t
b
|u|q&1 u
(2.5)
v$=&
n&1
t
v+
n&a
b
|u|q&1 u+|u| r&1 u
u(0)=u0>0, v(0)=0.
By the remark following Proposition 2.1 every solution (u, v) of (2.5) with
u0<u0* can be continued to all R+0 . If there existed u0 # I1 , then the corre-
sponding solution u : R+0  R of (2.1) would have the property that
u(T )=u$(T )=0 for some T>0 and u>0 in [0, T ). In turn this would
give a solution (u, v) of (2.5) with u(T )=v(T )=0, but since q, r>1 by
standard uniqueness theory we would have that (u(t), v(t))#(0, 0) in
(0, T ) which is a contradiction since u(0)>0 and thus by continuity u>0
in [0, =) for some =>0.
Lemma 2.2. The set I2 is open and contains the interval
(0, [(a&n)b]1(r&q)].
Proof. By (2.5)2
(tn&1v(t))$=tn&1uq(t) _&a&nb +ur&q(t)& . (2.6)
We claim that if T= then
v(t)>0 for all t>0. (2.7)
Indeed, since v(0)=0, if u0>[(a&n)b]1(r&q) then v(t)>0 for t>0 as
long as u(t)[(a&n)b)]1(r&q). Therefore if v(t1)=0 for some t1>0,
then, since u is decreasing by Prop. 2.1(ii), u(t)<[(a&n)b]1(r&q) for all
tt1 . Consequently
(tn&1v(t))$<0 for all t>t1 . (2.8)
and in turn by (2.5)1
v(t)=u$(t)+
1
b
tuq(t)<0 for all t>t1 . (2.9)
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By (2.8) and (2.9) we get
lim
t  
tn&1v(t)= lim
t   \tn&1u$(t)+
1
b
tnuq(t)+<0 (2.10)
from which we derive that
tn&1u$(t)<&= for all t large. (2.11)
It now follows by integration that
u(t)+=t<u(t1)+=t1
when n=1 and
u(t)+log t=<u(t1)+log t=1
when n=2. In both cases we obtain a contradiction when t  , since the
right sides of the previous inequalities are bounded while the left sides
approach infinity. Thus it remains to consider the case n>2. Integrating
(2.9) and (2.11) yields
Const. t2&nu(t)Const. t&2(q&1) for all t large, (2.12)
which is a contradiction since n&2<2(q&1) by (2.4). Hence (2.7) holds.
We can now prove that I2 is open. Let u 0 # I2 and denote by (u , v ) the
corresponding solution of (2.5). Since
lim
t  T &
u (t)=0 and lim
t  T &
u $(t)<0
there exists t1 # (0, T ) such that v (t1)<0 from (2.5)1 . By continuous
dependence on initial data (see the Appendix A) there is $>0 such that if
|u0&u 0 |<$ then the corresponding solution (u, v) has the properties that
v(t1)<0 and u(t)>0 in [0, t1]. By (2.7) we have T<, which, together
with Lemma 2.1, implies that u0 # I2 .
To prove the second part of the lemma observe that if u0
[(a&n)b]1(r&q) then as before (tn&1v(t))$<0 for all t # (0, T ) by (2.6).
Hence v(t)<0 for all t # (0, T ) since v(0)=0, which immediately implies
that T< by (2.7) and, by Lemma 2.1 again, that u0 # I2 .
To prove that u1  I4 we need the following preliminary lemma.
Lemma 2.3. Let u be any solution of (2.1) with u0<u0*. Consider the
function Ec(t)=cu+tu$, where c>0. Then
(i) E$c(t)=[c&(n&2)] u$&
q
b
tuq&1 \tu$+aq u++tur.
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(ii) At any time t for which Ec(t)=0 we have
E$c(t)=[(n&2)&c] c
u
t
+
q
b \c&
a
q+ tuq+tur.
(iii) If T= and E2(q&1) has infinitely many zeros then
lim
t  
t2uq&1(t)=
2b[n&(n&2)q]
[2q&a(q&1)](q&1)
.
Proof. Assertions (i)(ii) follow from direct calculations. Note that
(tcu(t))$=tc&1Ec(t). (2.13)
To prove (iii) assume first that E2(q&1) oscillates. Then we can find two
sequences (cj), (dj), with cj<djcj+1 and dj   such that
E2(q&1)0 in [cj , dj] and E2(q&1)0 in [dj , cj+i].
By (2.13) with c=2(q&1) the function t2(q&1)u(t) is non increasing in
[cj , dj] and non decreasing in [dj , cj+i].
Therefore for cj<t<dj<s<cj+1
d 2(q&1)j u(dj)t
2(q&1)u(t)c2(q&1)j u(cj)
(2.14)
d 2(q&1)j u(dj)s
2(q&1)u(s)c2(q&1)j+1 u(cj+1).
On the other hand since E$2(q&1)(cj)0 and E $2(q&1)(dj)0 by (ii) we
have
c2j u
q&1(cj) _2q&a(q&1)b(q&1) +ur&q(cj)&

2n&2q(n&2)
(q&1)2
d 2j u
q&1(dj) _2q&a(q&1)b(q&1) +ur&q(dj)&
which, combined with (2.14) and the facts that r>q and u(t)  0 gives
lim
j  
c2j u
q&1(cj)= lim
j  
d 2j u
q&1(dj)=
2b[n&(n&2) q]
[2q&a(q&1)](q&1)
.
In turn by (2.14) again (iii) follows in this case.
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Next we study the case when E2(q&1) is ultimately nonnegative with
infinitely many zeros (the case when E2(q&1) is ultimately nonpositive is
analogous). Then by (2.13) there exists
lim
t  
t2uq&1(t)=l>0, (2.15)
(l possibly infinity). Moreover we can find a sequence tj approaching
infinity such that E2(q&1)(tj)=E $2(q&1)(tj)=0. Therefore by (ii) again
t2j u
q&1(tj) _2q&a(q&1)b(q&1) +ur&q(tj)&=
2n&2q(n&2)
(q&1)2
.
Since r>q and u(t)  0 if we let j   we obtain the desired result
by (2.15).
Remark. Note that the previous lemma holds also when an, since in
its proof we have never used the fact that a>n.
Lemma 2.4. u1  I4 .
Proof. Let u : R+0  (0, u1] be the solution corresponding to the initial
value u1 and assume for contradiction that
lim sup
t  
t2u q&1(t)=.
If u1<u0* then by Lemma 2.3(iii) the function E2(q&1) is ultimately of the
same sign, while by (2.13) we get that E2(q&1) is ultimately positive and
lim
t  
t2u q&1(t)=. (2.16)
When u1=u0* then u #u0* so that E2(q&1)(t)#2u0* (q&1)>0 and (2.16)
is trivially satisfied.
Let t1>0 be so large such that E2(q&1)(t)>0 for tt1 and
q
b \
2
q&1
&
a
q+ t21u q&1(t1)>_
2
q&1
&(n&2)& 2q&1.
By continuous dependence on initial data (see the Appendix A) there
is $>0 such that if u1&$<u0<u1 then the corresponding solution
u : [0, T )  (0, u0] has the properties that u(t)>0 in [0, t1], E2(q&1)(t1)>0
and
q
b \
2
q&1
&
a
q+ t21uq&1(t1)>_
2
q&1
&(n&2)& 2q&1. (2.17)
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But since u0 # I2 we have limt  T& E2(q&1)(t)<0. Therefore there exists
t2>t1 , such that E2(q&1)(t2)=0, E2(q&1)(t)0 in (t1 , t2). Consequently
E $2(q&1)(t2)0, or equivalently, by Lemma 2.3(ii)
q
b \
2
q&1
&
a
q+ t22uq&1(t2)+t22ur&1(t2)_
2
q&1
&(n&2)& 2q&1,
which contradicts (2.17) by (2.13). Therefore
lim sup
t  
t2u q&1(t)<
and consequently, since 2(q&1)>aq,
lim
t  
taqu (t)=0
and the proof is complete.
Lemma 2.5.
lim
t  
t2u q&1(t)=
2b[n&(n&2) q]
[2q&a(q&1)](q&1)
.
Proof. If E2(q&1) has infinitely many zeros then the result follows from
Lemma 2.3(iii). Therefore assume that E2(q&1) is ultimately of the same
sign. Then by (2.13) and the previous lemma
lim
t  
t2(q&1)u (t)=l # R+0 . (2.18)
We want to show that l>0. If E2(q&1) is ultimately positive then this is
automatic by (2.13). If E2(q&1) is ultimately negative then since by (2.7)
u $(t)+
1
b
tu q(t)>0 for all t>0
integrating this inequality gives
t2u q&1(t)Const. for t large.
Hence l>0. To find the exact value of l multiply (2.1) by t2+2(q&1). We get
t2+2(q&1)u "+(n&1) t1+2(q&1)u $+
q
b
(t2(q&1)u )q&1 t1+2(q&1)u $
+
a
b
(t2(q&1)u )q&(t2(q&1)u )q u r&q=0. (2.19)
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There are two cases. If t1+2(q&1)u $ is monotone then by L’Hospital rule
and (2.18)
lim
t  
t1+2(q&1)u $=&
2l
q&1
. (2.20)
It now follows from (2.19) that there exists
lim
t  
t2+2(q&1)u "=
2l
q&1 \
2
q&1
+1+
by L’Hospital rule. Putting the above limits in (2.19) gives
l=
2b[n&(n&2) q]
[2q&a(q&1)](q&1)
.
If t1+2(q&1)u $ oscillates let tj be the sequence realizing the minima of the
function. Then
0=(t1+2(q&1)j u $(tj))$=[1+2(q&1)] t
2(q&1)
j u $(tj)+t
1+2(q&1)
j u "(tj).
Taking t=tj in (2.19), replacing t1+2(q&1)j u "(tj)=&[1+2(q&1)]
t2(q&1)j u $(tj) and then letting j   in (2.19) gives
lim
j  
t1+2(q&1)j u $(tj) _ 2q&1&(n&2)&
q
b
l q&1&=ab lq.
If we apply the same argument along the sequence sj realizing the maxima
we obtain
lim
j  
s1+2(q&1)j u $(sj) _ 2q&1&(n&2)&
q
b
l q&1&=ab l q.
Therefore
lim
t  
t1+2(q&1)u $(t) _ 2q&1&(n&2)+
q
b
l q&1&=ab l q.
We can now proceed as in the previous case to find l starting from (2.20).
3. PROOF OF THEOREM 1: NONEXISTENCE OF FAST ORBITS
In this section we complete the proof of Theorem 1, namely we show
that when (1.3) fails, Eq. (1.1) does not admit any very singular selfsimilar
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solution of the form (1.5). In the notation of the previous section this is
equivalent to prove that when (2.4) fails every solution of the initial value
problem (2.1) with 0<u0<u0* is a slow orbit, namely has the property
lim
t  
taqu(t)=l # R+. (3.1)
Lemma 3.1 (i) If n>2 and a(n&2) q then Ec(t)>0 in [0, T ) for all
caq.
(ii) If (2.4) fails then T=.
(iii) Eaq changes sign at most once.
(iv) If T= and Eaq(t)0 for all t0 then Ec is ultimately
negative for c<aq.
Proof. By Lemma 2.3(i) and the fact that u$0
E$c(t)+
q
b
tuq&1Ec(t)=[(n&2)&c] |u$|+
q
b \c&
a
q+ tuq+tur0, (3.2)
for c # [aq, n&2]. If we now integrate the previous inequality we get
Ec(t)Ec(t1) exp \&qb |
t
t1
suq&1(s) ds+ , 0t1t<T.
Taking t1=0 now gives Ec(t)>0 for all t # [0, T ), in other words, (i).
If (2.4) fails then either n>2 and qn(n&2) or an. In the first case
since r>q it follows from (2.3) that a(n&2) q and thus Ec(t)>0 in
[0, T ) for all caq by (i). If T< then u0 # I2 by Lemma 2.1 and thus
limt  T & Ec(t)<0 which contradicts (i).
In the second case, namely when an, from (2.6) and (2.5)1
tn&1u$+
1
b
tnuq=|
t
0
sn&1 _n&ab uq+ur& ds. (3.3)
If T< an immediate contradiction results by letting t  T & in the
previous identity. Indeed we get
lim
t  T &
tn&1u$(t)>0,
which is impossible since u$(t)<0 in (0, T ). Hence (ii) holds.
By (i) we only need to show (iii) when a>(n&2) q. Assume for con-
tradiction that Eaq changes sign at least twice. Then we can find an interval
[t1 , t2] such that
Eaq(t1)=0, Eaq(t2)=0, Eaq(t)<0 in (t1 , t2).
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By (2.13) with c=aq=2(r&1) the function taqu(t) is strictly decreasing
in [t1 , t2]. Therefore
taq2 u(t2)<t
aq
1 u(t1),
or equivalently
t22u
r&1(t2)<t21u
r&1(t1).
On the other hand, since E $aq(t1)0 and E $aq(t2)0, by Lemma 2.3(ii) we
have
_aq&(n&2)&
a
q
t22u
r&1(t2)<t21u
r&1(t1)_aq&(n&2)&
a
q
,
which is clearly a contradiction and completes the proof of (iii).
Note that Eaq(0)=au0 q>0; hence (iii) implies that either Eaq(t)0
for all t0 or Eaq(t)0 ultimately.
By (2.13) and (iii)
lim
t  
taqu(t)=l0, (3.4)
where l>0 if Eaq0 for all t0 and l< if Eaq(t)0 ultimately.
To show (iv) assume for contradiction that Ec has infinitely many zeros
for some c<aq. Then we can find a sequence tj approaching infinity such
that Ec(tj)=0 and either E $c(tj)0 when Ec oscillates or E $c(tj)=0
otherwise. From Lemma 2.3(ii) and the facts that q<r and u(t)  0 as
t   we obtain t2(q&1)j u(tj)Const. which contradicts (3.4) since l>0
and aq<2(q&1). Therefore Ec(t) is ultimately of the same sign.
If Ec(t)>0 ultimately then by (2.1)
(tn&1u$)$+
q
b \
a
q
&c+ tn&1uq&tn&1ur=&qb tn&1uq&1Ec<0
for t sufficiently large. Taking t even larger, if necessary, say tt1 , and
using the facts that c<aq, q<r, and u(t)  0 as t   gives
(tn&1u$)$+c1 tn&1uq0
for tt1 and where 0<c1<qb((aq)&c). Integrating from t1 to tt1
yields
tn&1u$(t)&tn&11 u$(t1)+c1 |
t
t1
sn&1uq(s) ds0
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and in turn, since u is decreasing,
tn&1u$(t)&tn&11 u$(t1)+
c1
n
uq(t)(tn&tn1)0.
Take tt1 so large that (c1 n) tn1u
q(t)&tn&11 u$(t1). Then
u$(t)+
c1
n
tuq(t)0. (3.5)
Integrating once again we get
1
1&q
[u1&q(t)&u1&q(s)]+
c1
2n
(t2&s2)0.
Thus for t large
t2(q&1)u(t)Const., (3.6)
which is again a contradiction by (3.4) since l>0 and aq<2(q&1).
Proof of Theorem 1 Completed. By Lemma 3.1(ii) it remains to show
(3.1). By Lemma 3.1(iii) the function Eaq is either always nonnegative or
ultimately nonpositive. We consider first the case Eaq(t)0. By (3.4) and
(2.13) we only need to show that l<. By Lemma 3.1(iv) when c<aq the
function Ec is ultimately negative and thus by (2.13)
lim
t  
tcu(t)=0.
Take c such that (ar)<c<(aq); then
u(t)t&c when tt1 (3.7)
for t1 sufficiently large. Moreover since Eaq0 it follows that
|u$(t)|
a
q
t&1u(t)
a
q
t&1&c (3.8)
for tt1 . Multiply the equation in (2.1) by ta&1 and integrate. We get
ta&1u$+
1
b
tauq=(n&a) |
t
t1
sa&2 |u$| ds+|
t
t1
sa&1urds+Const.(t1). (3.9)
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Furthermore, since a&2<ar<c, by (3.8) we get
|
t
t1
sa&2 |u$(s)| ds
a
q |
t
t1
sa&3&cds
a
q(a&2&c)
(ta&2&c&ta&2&c1 ), (3.10)
and by (3.7)
|
t
t1
sa&1ur(s) ds|
t
t1
sa&1&crds
1
a&cr
(ta&cr&ta&cr1 ). (3.11)
Since limt   ta&1u$(t)=0 by (3.8) and the fact that a&2<c, letting
t   in (3.9) implies
lq
b
=(n&a) lim
t   |
t
t1
sa&2 |u$(s)| ds+ lim
t   |
t
t1
sa&1ur(s) ds+Const.(t1)<
by (3.10) and (3.11) and the proof is complete in the case Eaq0 in R+0 .
If Eaq0 ultimately then by Lemma 3.1(i) we can assume that an. We
need to show that l>0. By (2.6) and the fact that v(0)=0 we get
u$(t)+(1b) tuq(t)>0 for all t>0. By differentiating (3.9) it follows that
the function ta&1u$+(1b) tauq is strictly increasing and therefore
lim
t   \ta&1u$+
1
b
tauq+>0,
which immediately gives l>0 since u$<0.
4. EXISTENCE OF SLOW ORBITS AND THE CASE q=1
In this section we show that when (1.3) holds, in addition to a fast orbit,
there exists a one parameter family of slow orbits, namely solutions u of
(2.1) such that
lim
t  
taqu(t)=l # R+. (4.1)
Theorem 4.1. If (1.3) holds then there exists $>0 such that if
u0 # (u0*&$, u0*) then the corresponding solution is a slow orbit.
Proof. We first claim that if T< or T= and Eaq0 ultimately
then
t2(r&1)u(t)_aq&(n&2)&
a
q
for all t # [0,T ). (4.2)
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Indeed, since Eaq(0)=au0 q>0 and aq=2(r&1), in both cases, by
(2.13) the function t2(r&1)u(t) admits an absolute maximum at some point
t1 # (0, T ). In turn, again by (2.13), we have Eaq(t1)=0 and E $aq(t1)0,
or equivalently, by Lemma 2.2(ii)
t2(r&1)1 u(t1)_aq&(n&2)&
a
q
,
from which (4.2) immediately follows.
Since along the constant solution u(t)#u0* we have Eaq(t)#au0 q>0
and
lim
t  
t2(r&1)u0*=
by continuous dependence on initial data (see the Appendix A) there is
$>0 such that if u0 # (u0*&$, u0*) then the corresponding solution u has
the properties that u(t)>0 in [0, t2] for some t2>0 and
t2(r&1)2 u(t2)>_ aq&(n&2)&
a
q
.
This implies by (4.2) that T= and that Eaq cannot be ultimately non-
negative. Therefore also by Lemma 3.1(iii) we obtain that Eaq(t)0 for all
t0 and hence by by (2.13) we have that
lim
t  
taqu(t)=l # (0, ].
To obtain (4.1) we can now proceed as in the proof of Theorem 1, starting
from (3.4), to conclude that l<.
The Case q=1
We now show how the existence proof of a fast orbit of (2.1) given in
Section 2 for q>1 can be modified when q=1.
Lemma 2.1 continues to hold. In Lemma 2.2 the only changes are in the
integration of (2.9) and in turn in the estimate (2.12) which should be
replaced by
Const. t2&nu(t)Const. exp(&t22b) for all t large,
which is clearly a contradiction. Hence (2.7) holds as before. The rest of the
proof of Lemma 2.2 is now the same. No modification is necessary for
Lemma 2.3(i)(ii), while Lemma 2.3(iii) and Lemma 2.4 should be replaced
by the following lemma.
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Lemma 4.1. u1  I4 .
Proof. Let u : R+0  (0, u1] be the solution corresponding to the initial
value u1 . Since by Lemma 2.3(ii) when c>a
E$c(t)=u {[(n&2)&c] c 1t +
1
2
(c&a) t+tu r&1=>0
at any sufficiently large time t for which Ec(t)=0, it follows that Ec is
ultimately of the same sign. Assume for contradiction that Ec(t)>0 for all
tt1 , for some t1>0 which, without loss of generality, can be taken so
large such that
1
2 (c&a) t
2
1>[c&(n&2)] c. (4.3)
By continuous dependence on initial data (see the Appendix A) there is
$>0 such that if u1&$<u0<u1 then the corresponding solution
u : [0, T )  (0, u0] has the properties that u(t)>0 in [0, t1] and Ec(t1)>0.
But since u0 # I2 we have limt  T & Ec(t)<0. Therefore there exists t2>t1 ,
such that Ec(t2)=0 and Ec(t)0 in (t1 , t2). Hence E $c(t2)0, or equiv-
alently, by Lemma 2.3(ii)
1
2 (c&a) t
2
2+t
2
2u
r&1(t2)[c&(n&2)] c,
which contradicts (4.3).
Therefore Ec is ultimately negative for all c>a. Hence by (2.13)
lim
t  
tcu (t)=0
for all c>0 and in particular for c=a. This completes the proof.
Remarks. When q=1 Lemma 2.2 is essentially Lemma 10 of [3].
Note that we have never used the fact that limt   u (t)=0.
For the exact asymptotic form of u , which goes beyond the purpose of
this paper, we refer to [3].
5. A SINGULAR CAUCHY PROBLEM
In this section we prove Theorem 2. As before for simplicity in the
notation we set u=W m and q=1m in (1.11). We start with the following
result
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Theorem 5.1. The initial value problem
u"+
n&1
t
u$+
q
b
t |u|q&1 u$+
a
b
|u| q&1 u=0
(5.1)
u(0)=u0 , u$(0)=0,
where n1, q>1, b>0 and 0<a<2q(q&1), admits a solution u with the
property
lim
t  
taqu(t)=l # R+ (5.2)
if and only if either
a<n or n<a(n&2) q. (5.3)
Remark. It goes almost without saying that (5.3)2 can hold only if n>2
and qn(n&2).
Proposition 5.1. Problem (5.1) admits a solution u : [0, T )  (0, u0],
with T possibly infinite, such that
(i) limt  T& u(t)=0;
(ii) u$<0 in (0, T );
(iii) limt   u$(t)=0 when T=.
Proof. The proof is the same of Proposition 2.1 with the only exception
that now the potential F has the form
F(u)=
a
b(q+1)
|u|q+1.
Lemma 5.1. Consider the function Ec(t)=cu+tu$, where c>0. Then
(i) E $c(t)=[c&(n&2)] u$&
q
b
tuq&1 \tu$+aq u+.
(ii) At any time t for which Ec(t)=0 we have
E $c(t)=[(n&2)&c] c
u
t
+
q
b \c&
a
q+ tuq.
Proof. Direct calculations.
Lemma 5.2. (i) If n>2 and a(n&2) q then Ec(t)>0 in [0, T ) for
all caq.
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(ii) T= if and only if (5.3) holds.
(iii) Eaq is ultimately of the same sign.
(iv) If T= and Eaq is ultimately positive then Ec is ultimately
negative for c<aq.
Proof. The proof of (i) is the same as the one of Lemma 3.1(i), except
that the term ur no longer appears.
To prove (ii) multiply (5.1) by tn&1 and integrate. We obtain
tn&1u$+
1
b
tnuq=
n&a
b |
t
0
sn&1uq ds. (5.4)
If a=n it follows by integration that the solution u is given by
u(t)=\u1&q0 +q&12b t2+
1(1&q)
. (5.5)
Note that T=.
If a<n or n<a(n&2)q then T= and the proof is the same as the
one in Lemma 3.1(ii), using (5.4) in place of (3.3); while if (5.3) fails
then we can reason as in the proof of Lemma 2.2, starting from (2.8), to
conclude that T<.
The proof of (iii) is an immediate consequence of Lemma 5.1(ii) with
c=aq. The proof of (iv) follows exactly that of Lemma 3.1(iv), except that
the term ur no longer appears.
Remark. When a=n the solution (5.5) is known as the Barenblatt
solution.
We can now prove Theorem 5.1.
Proof of Theorem 5.1. The proof of Theorem 5.1 is now essentially the
same as that of the second part of Theorem 1, in Section 3, with the only
exception that in (3.9) the second integral on the right side should be
removed and consequently also (3.11).
Proof of Theorem 2. The function
w^(x, {)={&abW({&1b |x| ),
where b=2+a(m&1) and W is a positive solution of the problem
(W m)"+
n&1
t
(W m)$+
1
b
tW $+
a
b
W=0, t={&1b |x|,
W $(0)=0 lim
t  
taW(t) # R+,
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is a solution of the equation w^{=2(w^m) in Rn_R+. If we set u=W m,
q=1m and impose the boundary conditions u(0)=u0>0 we finally obtain
the initial value problem (5.1). By Theorem 3 a solution of (5.1) with the
property
lim
t  
tau1m(t)=B,
for some positive number B=B(u0), exists if and only if either a<n or
n<a(n&2)m. In turn w^ is a solution of the problem
w^{=2(w^m) in Rn_R+
w^(x, 0)=B |x|&a in Rn"[0].
The required solution of (1.9) is given by
w(x, {)=(CB) w^(x, (CB)m&1{).
APPENDIX A: CONTINUOUS DEPENDENCE ON INITIAL DATA
We show that solutions of the the initial value problem
u$=v&
t
b
|u|q&1 u
(1)
v$=&
n&1
t
v+
n&a
b
|u|q&1 u+|u| r&1 u
u(0)=u0>0, v(0)=0,
depend continuously on the initial data u0>0.
Theorem (cf. [5, Proposition A3 in the Appendix]). Let (u , v ) be a
solution of (1) in the interval [0, T1], such that u (0)=u 0>0 and u >0 in
[0, T1]. For every =>0 there exists $>0 such that if |u0&u 0 |<$ then the
corresponding solution (u, v) is defined on the interval [0, T1] and
|u(t)&u (t)|+|v(t)&v (t)|<= for all t # [0, T1]. (2)
Proof. Let C=(|a&n|+T1) L1 b+L2+1, where L1 and L2 are the
Lipschitz constants of the functions g1(u)=|u|q&1u and g2(u)=|u| r&1 u on
the interval [u (T1)2, 3u (T1)2], and take $=exp(&CT1) min[=, u (T1)2].
For any fixed u0 , with |u0&u 0 |<$, let u be the corresponding solution
and t1 # (0, T1] the first time, if it exists, such that either |u(t1)&u (t1)|=
u (T1)2 or (2) fails. Otherwise, if such t1 does not exist, take t1=T1 .
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By (1)
u(t)&u (t)=u0&u 0+|
t
0 {v(s)&v (s)&
s
b
[uq(s)&u q(s)]= ds
v(t)&v (t)=|
t
0 \
s
t+
n&1
{n&ab [uq(s)&u q(s)]+[ur(s)&u r(s)]= ds
for all t # (0, t1]. Therefore
|u(t)&u (t)|<$+|
t
0 _ |v(s)&v (s)|+
T1
b
L1 |u(s)&u (s)|& ds
|v(t)&v (t)||
t
0 \
|n&a|
b
L1+L2+ |u(s)&u (s)| ds
for all t # [0, t1]. Summing the two inequalities and using Gronwall’s
Lemma gives
|u(t)&u (t)|+|v(t)&v (t)|<$ exp(CT1)min[=, u (T1)2]
for all t # [0, t1]. Therefore t1=T1 and the proof is complete.
Remark. By slightly modifying the proof we can also conclude that
(u , v ) is unique.
APPENDIX B: PROOF OF PROPOSITION 2.1
Local existence of u follows from Shauder’s Fixed Point Theorem
applied to (2.5), see [14, Appendix]. Let [0, T ) be the maximal interval of
existence of the positive solution u. If 0<u0<u0*, then since u$(0)=0 and
u"(0)=uq0(u
r&q
0 &u0*
r&q)<0 it follows that u$(t)<0 for t>0 sufficiently
small. Assume for contradiction that there exists t0>0 such that u$(t)<0
for t # (0, t0) and u$(t0)=0. Then 0<u(t)<u0u0* for t # (0, t0] and
thus from u"(t0)=uq(t0)(ur&q(t0)&u0*r&q)<0 we derive that u$>0 in
(t0&=, t0) for some =>0, which is again a contradiction and proves (ii).
Since u is strictly decreasing there exists
lim
t  T &
u(t)=l # [0, u0). (3)
We claim that
lim
t  T &
u$(t)=&l1 , l1 # R+0 . (4)
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Indeed consider the Liapunov function
E(t)= 12 |u$(t)|
2+F(u(t)),
where
F(u)=
a
b(q+1)
|u|q+1&
1
r+1
|u| r+1. (5)
Note that F(u(t))>0 in [0, T ), since 0<u(t)<u0*. It is not difficult to see,
by (2.1), that
E$(t)=&
n&1
t
|u$(t)| 2&
q
b
t |u|q&1 |u$(t)| 2<0 for t>0. (6)
Hence
0 lim
t  T&
E(t)=F(u0)+|
T
0
E$(s) ds<F(u0). (7)
The claim (4) now follows by (7), since limt  T & F(u(t))=F(l ).
If T= then (3) and (4) clearly imply l1=0, proving (iii). To show (i)
suppose that l>0 in (3). If T< then (3) and (4) would violate the fact
that [0, T ) is the maximal interval of existence of u. Therefore T=.
By (iii)
lim inf
t  
|u"(t)|=0. (8)
We claim that there exists
lim
t  
tu$(t)=
b
q
l(l r&q&u0*r&q), (9)
where the limit is negative by (3) and the fact that l>0. There are two
cases. If the function tu$ ultimately oscillates let tj be the sequence realizing
the minima of the function. Then
0=(tj u$(tj))$=u$(tj)+tj u"(tj).
Taking t=tj in (2.1), replacing u"(tj)=&u$(tj)tj and then letting j  
gives
lim
j  
tj u$(tj)=
b
q
l(l r&q&u0*r&q)
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by (iii) and the fact that l>0 by assumption. If we apply the same
argument along the sequence sj realizing the maxima we obtain
lim
j  
sj u$(sj)=
b
q
l(l r&q&u0*r&q).
Therefore (9) holds in this case.
If the function tu$ is ultimately monotone then the limit in (9) exists.
In turn, by (2.1), (3), (4), (iii) and the fact that l>0, there exists
limt   u"(t)=0 by (8). Letting t   in (2.1) yields (9) even in this case.
Hence the claim holds.
By (9) we can find t0>0 such that |u$(t)|Ct&1 for tt0 and where C
is a positive constant. Therefore from (7)
>F(u0)
q
b |

t0
suq&1(s) |u$(s)| 2 dsl q&1C2
q
b |

t0
1
s
ds=
which is a contradiction. Hence l=0 and the first part of the proposition
is proved.
The demonstration of the case u0=u0* is trivial (for the uniqueness see
the Appendix A above), while the one of (iv) is completely analogous to
that of (ii).
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